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Abstract
We present nonlocal integrable reductions of super AKNS coupled equations. By
the use of nonlocal reductions of Ablowitz and Musslimani we find new super integrable
equations. In particular we introduce nonlocal super NLS equations and the nonlocal
super mKdV equations.
1 Introduction
As nonlocal equations in integrable systems we were accustomed with integro-differential
equations. Recently Ablowitz and Musslimani [1]-[3] have introduced a new nonlocal re-
ductions of certain integrable coupled differential equations. This approach opened a new
channel in nonlocal integrable nonlinear differential equations. The new integrable equations
are either time (T), space (P) or space and time (PT) symmetric. As an example consider
AKNS system [4],[5]
a qt = qxx − 2q
2 p, (1.1)
a pt = −pxx + 2p
2 q. (1.2)
where p(t, x) and q(t, x) are complex dynamical variables and a is a complex number in
general. The standard reduction of this is system is obtained by letting p(t, x) = kq(t, x)⋆
where ⋆ is the complex conjugation and k is a real constant. With this condition on the
dynamical variables q and p the system of equations (1.1) and (1.2) reduce to the following
nonlinear Schrodinger equation (NLS)
aqt = aqxx − 2kq
2 q⋆, (1.3)
∗Email:gurses@fen.bilkent.edu.tr
1
provided that a⋆ = −a. Recently Ablowitz and Musslimani found another integrable reduc-
tion of the AKNS system which is given by
p(t, x) = k[q(ǫ1t, ǫ2x)]
⋆ (1.4)
where (ǫ1)
2 = (ǫ2)
2 = 1. Under this condition the above AKNS sytem (1.1) and (1.2) reduce
to
a qt,x = qxx(t, x)− 2kq
2(t, x) [q(ǫ1t, ǫ2x)]
⋆, (1.5)
provided that a⋆ = −ǫ1a. Nonlocal reductions correspond to (ǫ1, ǫ2) = (−1, 1), (1,−1), (−1,−1).
Hence corresponding to these pairs of ǫ1 and ǫ2 we have three different Nonlocal Integrable
NLS equations. Ablowitz and Musslimani have found also the nonlocal modified KdV equa-
tion, nonlocal Davey-Stewartson equation, nonlocal sine-Gordon equation and nonlocal 2+1
dimensional three-wave interaction equations. Fokas [9] has introduced nonlocal versions of
multidimensional Schrodinger equation, Ma et al., [10] pointed out that nonlocal complex
mKdV equation introduced by Ablowitz and Musslimani is gauge equivalent to a spin-like
model. Gerdjikov and Saxena [11] studied the complete integrability of nonlocal nonlinear
Schrodinger equation and Sinha and Ghosh [12] have introduced the nonlocal vector non-
linear Schrodinger equation. Nonlocal system equations were also studied recently [13]- [15],
[16].
In this work we will consider super AKNS equations [6]-[8] and give all possible nonlocal
reductions of this system. For this purpose in section 2 we start with the super AKNS
system where the super potentials are assumed to be polynomials of degree three or less.
In section 3 we study all possible reductions of the super NLS equations. Here we find new
super integrable equations, nonlocal super NLS equations. In section 4 we study all possible
reductions of the super mKdV equations and find another new super integrable equations,
nonlocal super mKdV equations.
2 super AKNS System
The lax equations for the super AKNS system are given by [6]-[8]
Ψx +AΨ = 0. Ψt + BΨ = 0, (2.1)
where
A =


−iλ r β
q iλ ε
ε −β 0

 , B =


A C α
B −A ρ
ρ −α 0

 (2.2)
where the super functions A,B,C are commuting and α, ρ are anti-commuting fields. The
super AKNS dynamical variables are q, r and β, ε. Here q and r are bosonic and β and ε
2
are the fermionic variables. The super functions A,B,C and α, ρ are functions of t and x
through the dynamical variables and their derivatives with respect to x. The super functions
depend also on the spectral variable λ but the dynamical variables do not depend on it.
Considering that the super functions are polynomial functions of λ of degree three and using
the integrability condition Ψtx = Ψxt we obtain the following super integrable equations.
qt = a2 (−
1
2
qxx + q
2 r + 2 εx ε+ 2qβε) + ia3 (−
1
4
qxxx +
3
2
qrqx + 3(εxε)x
−3qβxε+ 3qβεx), (2.3)
rt = a2 (
1
2
rxx − q r
2 + 2 βx β − 2rβε) + ia3 (−
1
4
rxxx +
3
2
qrrx − 3(βxβ)x
+3rβxε− 3rβεx), (2.4)
βt = a2 (βxx − rεx −
1
2
εrx −
1
2
qrβ) + ia3(−βxxx +
3
4
rqxβ +
3
4
qrxβ +
3
2
qrβx
+
3
2
rxεx +
3
4
εrxx) (2.5)
εt = a2 (−εxx + qβx +
1
2
βqx +
1
2
qrε) + ia3(−εxxx +
3
4
rqxε+
3
4
qrxε+
3
2
qrεx
+
3
2
qxβx +
3
4
βqxx) (2.6)
where a2 and a3 are arbitrary constants. If a3 = 0, a2 6= 0 the above system is the coupled
super nonlinear Schrodinger equations (sNLSE) and if a2 = 0, a3 6= 0 the above system is the
coupled super modified Korteweg de Vries equations (smKdV). Next sections we investigate
the standard and nonlocal reductions of these equations.
3 Nonlocal super NLS system
In this and next section we investigate the possibility of nonlocal reductions in the system of
super AKNS equations. For this purpose we start with simplest case, super NLS equations.
Letting a3 = 0 in the above equations (2.3)-(2.6) we get the super coupled NLS equations.
There are two bosonic (p,r) and two fermionic (ε, β) potentials satisfying
aqt = −
1
2
qxx + q
2 r + 2εx ε+ 2q β ε, (3.1)
art =
1
2
rxx − q r
2 + 2βx β − 2r β ε, (3.2)
aεt = −εxx + q βx +
1
2
β qx +
1
2
q r ε, (3.3)
aβt = βxx − r εx −
1
2
ε rx −
1
2
q r β, (3.4)
where a2 = 1/a. The standard reduction is r = k1 q¯ and β = k2ε¯ where k1 and k2 are constant,
a bar over a quantity denotes the Berezin conjugation in the Grassman algebra. If P and
3
Q are super functions (bosonic or fermionic) then PQ = QP . Under these constraints the
above equations (3.1)-(3.4) reduce to the following super NLS equations [17],[18] provided
k1 = k
2
2
and a¯ = −a
aqt = −
1
2
qxx + k1 q
2 q¯ + 2εx ε+ 2k2 q ε¯ ε, (3.5)
aεt = −εxx + k2 q ε¯x +
1
2
k2 ε¯ qx +
1
2
k1 q q¯ ε, (3.6)
For the usual complex valued functions, Berezin conjugations reduces to a complex conju-
gation.
In this work we show that super NLS system (3.1)-(3.4) can be reduced to nonlocal super
NLS equations. This can be done by choosing the super Ablowitz-Musslimani reduction as
r(t, x) = ǫ q¯(ǫ1t, ǫ2x), β(t, x) = µε¯(ǫ1t, ǫ2x). (3.7)
where ǫ2
1
= ǫ2
2
= 1. Under these constraints the above set (3.1)-(3.4) reduces to
aqt(t, x) = −
1
2
qxx(t, x) + ǫ q
2(t, x) q¯(ǫ1t, ǫ2x) + 2εx(t, x) ε(t, x) (3.8)
+2µ q ε¯(ǫ1t, ǫ2x), ε(t, x), (3.9)
aεt(t, x) = −εxx(t, x) + µ q(t, x) ε¯x(ǫ1t, ǫ2x) +
1
2
µ ε¯(ǫ1t, ǫ2x) qx(t, x) (3.10)
+
1
2
ǫ q(t, x) q¯(ǫ1t, ǫ2x) ε(t, x), (3.11)
provided that
a¯ ǫ1 = −a, µ
2 ǫ2 = ǫ. (3.12)
Nonlocal reductions correspond to the choices (ǫ1, ǫ2) = (−1, 1), (1,−1), (−1,−1). They are
explicitly given by
1. T-symmetric nonlocal super NLS equation:
aqt(t, x) = −
1
2
qxx(t, x) + ǫ q
2(t, x) q¯(−t, x) + 2εx(t, x) ε(t, x) (3.13)
+2µ q ε¯(−t, x), ε(t, x), (3.14)
aεt(t, x) = −εxx(t, x) + µ q(t, x) ε¯x(−t, x) +
1
2
µ ε¯(−t, x) qx(t, x) (3.15)
+
1
2
ǫ q(t, x) q¯(−t, x) ε(t, x), (3.16)
with a⋆ = a and ǫ = µ2.
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2. P-symmetric nonlocal super NLS equation:
aqt(t, x) = −
1
2
qxx(t, x) + ǫ q
2(t, x) q¯(t,−x) + 2εx(t, x) ε(t, x) (3.17)
+2µ q ε¯(t,−x), ε(t, x), (3.18)
aεt(t, x) = −εxx(t, x) + µ q(t, x) ε¯x(t,−x) +
1
2
µ ε¯(t,−x) qx(t, x) (3.19)
+
1
2
ǫ q(t, x) q¯(t,−x) ε(t, x), (3.20)
with a⋆ = −a and ǫ = −µ2.
3. PT-symmetric nonlocal super NLS equation:
aqt(t, x) = −
1
2
qxx(t, x) + ǫ q
2(t, x) q¯(−t,−x) + 2εx(t, x) ε(t, x) (3.21)
+2µ q ε¯(−t,−x), ε(t, x), (3.22)
aεt(t, x) = −εxx(t, x) + µ q(t, x) ε¯x(−t,−x) +
1
2
µ ε¯(−t,−x) qx(t, x) (3.23)
+
1
2
ǫ q(t, x) q¯(t,−x) ε(t, x), (3.24)
with a⋆ = a and ǫ = −µ2.
4 Nonlocal super mKdV system
Another special case of the super AKNS equations is the super mKdV equations [6], [7].
aqt = −
1
4
qxxx +
3
2
r q qx + 3(εx ε)x − 3 q βx ε+ 3qβ εx, (4.1)
art = −
1
4
rxxx +
3
2
r q rx − 3(βx β)x + 3 r βx ε− 3rβ εx, , (4.2)
aεt = −εxxx +
3
4
(r q)x ε+
3
2
q r εx +
3
2
qx βx +
3
4
β qxx, (4.3)
aβt = −βxxx +
3
4
(r q)x β +
3
2
q r βx +
3
2
rx εx +
3
4
ε rxx, (4.4)
The standard reduction is r = k1q¯, β = k2 ε¯, Then we obtain ([6], [7])
aqt = −
1
4
qxxx +
3
2
k1 q¯ q qx + 3(εx ε)x − 3 k2q ε¯x ε+ 3k2 qε¯ εx, (4.5)
aεt = −εxxx +
3
4
k1(q¯ q)x ε+
3
2
k1q q¯ εx +
3
2
k2 qx ε¯x +
3
4
k2ε¯ qxx, (4.6)
5
provided that k1 = k
2
2
and a¯ = a.
For the super mKdV system Ablowiz-Musslimani type of reduction is also possible.
Letting
r(t, x) = ǫ q¯(ǫ1t, ǫ2x), β(t, x) = µε¯(ǫ1t, ǫ2x). (4.7)
where ǫ2
1
= ǫ2
2
= 1. We get the following system of equations
aqt(t, x) = −
1
4
qxxx(t, x) +
3
2
ǫ q¯(ǫ1t, ǫ2x) q(t, x) qx(t, x) + 3(εx(t, x) ε(t, x))x
−3 q ε¯x(ǫ1t, ǫ2x) ε(t, x) + 3µ q(t, x) ε¯(ǫ1t, ǫ2x) εx(t, x), (4.8)
aεt(t, x) = −εxxx(t, x) +
3
4
ǫ(q¯(ǫ1t, ǫ2x) q(t, x))x ε(t, x) +
3
2
ǫq(t, x) q¯(ǫ1t, ǫ2x) εx(t, x) +
3
2
µ qx(t, x) ε¯x(ǫ1t, ǫ2x) +
3
4
µε¯(ǫ1t, ǫ2x) qxx(t, x), (4.9)
provided that a¯ ǫ1 ǫ2 = a, µ
2ǫ2 = ǫ. Nonlocal reductions correspond to the choices (ǫ1, ǫ2) =
(−1, 1), (1,−1), (−1,−1). They are explicitly given by
1. T-symmetric nonlocal super NLS equation: a¯ = −a and ǫ = µ2.
aqt(t, x) = −
1
4
qxxx(t, x) +
3
2
ǫ q¯(−t, x) q(t, x) qx(t, x) + 3(εx(t, x) ε(t, x))x
−3 q ε¯x(−t, x) ε(t, x) + 3µ q(t, x)ε¯(−t, x) εx(t, x), (4.10)
aεt(t, x) = −εxxx(t, x) +
3
4
ǫ(q¯(−t, x) q(t, x))x ε(t, x) +
3
2
ǫq(t, x) q¯(−t, x) εx(t, x) +
3
2
µ qx(t, x) ε¯x(−t, x) +
3
4
µε¯(−t, x) qxx(t, x), (4.11)
2. P-symmetric nonlocal super NLS equation: a¯ = −a and ǫ = −µ2.
aqt(t, x) = −
1
4
qxxx(t, x) +
3
2
ǫ q¯(t,−x) q(t, x) qx(t, x) + 3(εx(t, x) ε(t, x))x
−3 q ε¯x(t,−x) ε(t, x) + 3µ q(t, x)ε¯(t,−x) εx(t, x), (4.12)
aεt(t, x) = −εxxx(t, x) +
3
4
ǫ(q¯(t,−x) q(t, x))x ε(t, x) +
3
2
ǫq(t, x) q¯(t,−x) εx(t, x) +
3
2
µ qx(t, x) ε¯x(t,−x) +
3
4
µε¯(t,−x) qxx(t, x), (4.13)
3. PT-symmetric nonlocal super NLS equation: a¯ = a and ǫ = −µ2.
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aqt(t, x) = −
1
4
qxxx(t, x) +
3
2
ǫ q¯(−t,−x) q(t, x) qx(t, x) + 3(εx(t, x) ε(t, x))x
−3 q ε¯x(−t,−x) ε(t, x) + 3µ q(t, x)ε¯(−t,−x) εx(t, x), (4.14)
aεt(t, x) = −εxxx(t, x) +
3
4
ǫ(q¯(−t,−x) q(t, x))x ε(t, x) +
3
2
ǫq(t, x) q¯(−t,−x) εx(t, x) +
3
2
µ qx(t, x) ε¯x(−t,−x) +
3
4
µε¯(−t,−x) qxx(t, x), (4.15)
5 Conclusion
In this work we extended the recently found nonlocal reductions of integrable nonlinear
equations to super integrable equations. Starting with the super AKNS system we studied all
possible nonlocal reductions and found two new integrable systems. They are nonlocal super
NLS equations and super mKdV systems of equations. There are three different nonlocal
types of super integrable equations. They correspond to T -, P -, and PT - symmetric super
NLSE and super mKdV equations. The nonlocal reductions presented in this paper can be
applied to any super integrable systems and obtain new super integrable equations.
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